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Algebraic Lattices:
The Prime Examples

* The powerset of a set.
* The lattice of subgroups of a group.

* The lattice of ideals of a ring.




What is a Lattice?

O<x=<1 Bounded
<

R=X Partially

X< Y&Y<Z = X<7Z Ordered

Set
X<y &YysX = X=Y

XVY<Z & XszZ&Y<Z  With sups
&

ZSXAY © Z<X&Z<SY  with infs




What is a Semilattice?

O<x=<1 Bounded
R=X Partially
X< Y&Y<Z = X<7Z Ordered

Set
Xsy&ysX = X=Y

XVY<SZ & X<Z&Y<Z  With sups




What is a Complete Semiattice?

V. _x<sy e (Viel) x <y

lel” |

What is a Complete Lattice?
ysA_Xx & (VieI) y=x

lel” |

Note: A complete semilattice is a
complete lattice:

A = VIl (Vie) y=x]




The Equational Axiomatization
of Semilattices

OvXx =X lvx=1 XVX =X
XVY = yVX
XV(yvz) = (Xvy)Vvz

Definition: Xsy & XVy =Y




Algebraic Lattices:
The Abstract Definition

An element u of a complete lattice is
(or, ) provided that whenever we have

us< \/ieIxi, then U < \/iGJXi for some finite J<1I.

A complete lattice is iIff every
element is the sup of its finite subelements.

Note: The finite elements of the lattice of subgroups of
a group are exactly the finitely generated subgroups.
And the lattice is thus algebraic.




Theorem: The finite elements of a complete
lattice form a subsemilattice — provided the unit
element is finite.

The of semilattice are the
subsets closed under finite sups and subelements.

Theorem: The ideals of semilattice form an
algebraic lattice with a finite unit element.

Theorem: Every algebraic lattice with a finite unit
element is isomorphic to the ideal lattice of its
semilattice of finite elements.




Topological Connections

Theorem: Every algebraic lattice becomes a
To-topological space with a basis for the open sets

consisting of sets ~ru = { x | u< x } for u finite.

Theorem: The lattice of open subsets of the Cantor
Discontinuum is an algebraic lattice with the finite
elements being the compact opens.

Theorem: The continuous functions between
algebraic lattices are exactly the functions preserving
directed sups. They can also be characterized by the

equation:
F(x) = V{F(u) | us x & u finite}.




What are Scott-Ershov Domains?

Definition: A domain is an algebraic lattice minus
a finite unit; equivalently ...

A domain is any closed subset of an algebraic
lattice; equivalently ...

A domain is the completion of a semilattice by
proper ideals.

Note: Every algebraic lattice is a domain.

(Hint: Add an extra unit element at the top.)

Theorem: Domains form a category with the
continuous functions as the mappings.
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Back to Semilattices!

Definition: For £A=<A,0,1,v> a given semilattice,
let | £l be the set of proper ideals of A; that is,
IAIl={XcA| 0eX& 1€ X&VabeA[abeX=avbeX]}].

Theorem: | A1l is a domain with finite elements of the form
Va={x€A| avx=a}; if additionally, A satisfies
VabeA[la=1lorb=1< avb=1],

then || A£llis an algebraic lattice.

Note: Intuitively O indicates no information and
1 too much information or an inconsistency.
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Theorem: The completion IlAll of a countable semilattice
A =<A,0,1,v> can be thought of as adding limit points to

A of increasing sequencesag < a1 < a2 < .. < an < ... of
elements of A, where we define limn-o an < liMm-o bm to

mean that each a, is < some bn.

Note: Of course, limits prove to be sups in ||.A£ll, and

we can identify the elements of A with the limits of
the constant sequences. However, from this point of
view, in order to prove that |[All is (directed) complete,

it is probably easier to relate limits to ideals.
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A Universal Semilattice

Definition: Let ? =<P,0,1,v> be the semilattice of

(equivalence classes of) propositional formulae with
generators &o, &1, &2, ..., &, ... .

Note: We will use the usual notation for other propositional
operators, so P may also be considered a Boolean algebra.

Theorem: lIP Il as a domain is isomorphic to the
domain of proper open subsets of the Cantor set.

Main Theorem: Every domain with a countable
number of finite elements can be
isomorphically embedded into ||P |I.
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Outline of a Proof

Theorem: Every countable Boolean algebra
can be isomorphically embedded into P.

Hint: It is easy to show that a finite Boolean algebra can be
embedded into P. And then the embedding can be continued
to any finite superalgebra. Next note that a countable
algebra is the union of a countable chain of finite algebras.
Theorem: Every countable semilatice can
be isomorphically embedded into .

Hint: Every semilattice £#=<A,0,1,v> can be embedded into
the powerset lattice of A\{1} by the mapping p(a)={x|a£x}.

Theorem: If a semilattice A is a subsemilattice of
a semilattice 1, then || £l is a subdomain of 1113 |l.
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Simplifying the Notation

(Step 1) <P,0,1,v> is the semilattice of propositional

formulae with generators &g, €1, &2, ..., &, ... .

(Step 2) S is the family of all subsemilattices of P ; thus
S={AcP|0,1€A&VabeA[avbeA]}.
Note: S is an algebraic lattice with a countable

number of finite elements. (Why?)
(Step 3) For A€S, let lIAll ={¢(XNA)| X €llIPIl }.

Note: llIAll is a subdomain of I|Pll=I[IPIl, and every countably

based domain is isomorphic one such. The semilattice structure
of I[Pllis defined by XvY={xvy|xeX&yeY}.
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Godel Numbering & Pairing

Theorem. There is a numbering of the elements of P so that
all Boolean operations are primitive recursive.

Theorem. Under this numbering, there is a primitive recursive
pairing operation <p,q> on P with a recursive range where:

(i) <0,0>=0;
(i) <p,g>=1 & p=1o0rq=1;
(iii) <po,go>V<p1,q1>= <poV p1, qoV qr>;

(iv) <po,qo>=<p1,q1> = p1=10rqi=1or [po< p1& qo=qi].

Hint: Define Boolean injections 0o0,01: P =P by 00(&,) = &2,
and 01(&,) = &ns1. Then define <p,q> = oo(p) Vv o1(q).
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Another Construction of P

(Step 1) For any set §, let F(S) denote the collection of all the
finite subsets of S.

(Step 2) F(S) may be regarded as a vector space over the field

{0,1}, where the zero vector, 0, is the empty set, and where
vector addition, +, is the symmetric difference of sets.

A basis for the space F(S) consists of the singleton subsets.

(Step 3) Let P = F(F(N)), and define a bilinear multiplication
on P by the stipulation {s}-{t} = {sut} for s,teF(N). Let 1 = {0}.

Theorem: The algebra <P,0,1,+,->is the free Boolean ring
(with unit) on the generators {{n}} for n€EN. It can be made into a

semilattice by defining XxVy =x +y + X.y.

Note: Using P = F(F(N)) gives us another Godel numbering.
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Computable Domains and Mappings

Definition. The computable elements of S are those

which are recursively enumerable subsets of P.

Definition. The computable elements of ||All are those
which are recursively enumerable subsets of P.

Definition. The computable mappings F:l[AlI=>[IBI
are those which are continuous and where the
relationship ¥v'b € F(Na) between finite elements of
IIAll and lIBIl is recursively enumerable.
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Domain Products

Definitions. (i) XxY={<p,g> | peX & qe’};

(i) H={<p,g> | [p=0& q=0]or[p20&q=#0]};
(i) AxsB=(AxB)nH.

Lemma. (i) If A,Be€ S, then H,(AxB),(AxsB) € S.

(ii) fX,Ye llPIl, then (X,Y) =V (XxY)e lIPII.
Theorem. If A,B€ S, then [|AxBll is isomorphic to the

product of the domains I[|All and |IBIl, while [|A xs Bllis
isomorphic to the smash product.

Hint: Let X={pl<p,0>€Z} and Y={ql <0,g>€Z}, for any
Ze llAxBIll. Then Xe llAll,Ye lIBIll, and Y (XxY)=Z.
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Domain Sums

Definition. Let ¢,="& V& V& V...V &, VE..
Definition.
Ao+ A1 + A2 + ... + An = {0}U Uicn{<p, (> | p€A;}.

Definition.
AO+CA'| +c A2 +¢c oo +c Ap = (A0+ A1 +A> + ... + An)nH.

Theorem. For Ag, A1, Az, ... , An €S, llAg+ A1 + Az + ... + A4l
is isomorphic to the separated sum of the domains |lAill.

Theorem. For Ao, A1, Az, ... ,An €S, llAg+cA1+cAzr+c ... +cAnll
is isomorphic to the coalesced sum of the domains IlAill.
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Lifting and Dropping

Definitions. (i) AL = {0}u{<p,0>V E |l peA}l.
(i) AT = {1lu{<p,0>AE |l peAl.

Theorem. For A€ S, we have AL, AT € S, and the
domain llALll is like IlAll but with a new bottom element,

and llATIl is like [|All but with a new top element.

Note: All the operations of products, sums, lifts
and drops on S need to be checked for

continuity and computability.
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Function Spaces

Theorem. Under the numbering of P, there is a primitive
recursive operation (p=q) on P, defined when p#1, such that:

(i) (p=1)=1;
(ii) Vi<k (pi=q) =1 = Frz1. V{qgilpi=sr} =1 ;and

(iii) (r=>s)=Vi<k (pi=qi) © Vi<« (pi=0qi) = 1or s = V{aqilpi= ri.
Definitions.

(i) (A=B)={Vi«(pi=q)|Vi<k[pi€A\{1} & q€B]};
(i) (A=sB)=1{0,1}U{Vick(pi=a)|Vi<k[pi€A\{0,1} & qi€B\{0,1}1};

Theorem. If A,BE S, then (A=B),(A=sB)€ S, and ||A= Bl
is isomorphic to the domain of continuous functions from

IA [l to l| BIl and ||A=s Bll gives strict continuous functions.
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Embedding S into IIPII

Note: The finite elements of S are the finite subsemilattices
of P, and P is the (non-finite) unit element of S.
The semilattice operation on S is AV B.

Lemma. For finite A,B€ S, we have
(i) Vpeayy (p=p) =Vqeenu (q=q) & A=B; and

(i) Vre@vena (r=r1) = Vpeaun (P=pP)V Vqepun (g=1Q) .

Theorem. The domain S is isomorphic to a subdomain
of [P=sPIl by a computable embedding.
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Recursive Domain Equations

Theorem. All the operations (AxB), (AxsB), (A+B), (A+cB),

A1, AT, (A=B),and (A=sB) map S to S and are continuous

and computable. Hence, so are any compositions of these
mappings.

Note: The standard Fixed-Point Theorem can then be applied
to obtain recursively defined domains.
Definition. N1 = {0,1}u{C,In€ N}.

Theorem. N1€ S, and || N1ll is isomorphic to the flat domain
of integers.

Note: A typical example of a recursively defined domain is given
by D =Ni+c(D=D)1. This constructs a model of the A-calculus

closely related to recursive function theory.
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Some Additional Examples

Potentially infinite:

B=B+B binary sequences

S = N1XsS1 sequences of integers

L=N1Xs(LXL)L labelled trees
—-0————0-0-0———0—

A : Another lambda-calculus domain:
= given

B=BX(AXB) fixed point
C=AXB = (AXB)X(AXB) = CXC defined & isomorphed
D=D=C fixed point

DXD=(D=C)X(D=C) =D=(CXC) =D=C =D isomorphism

D=D=D=(D=C)=(DXD)=C =D=C =D isomorphism
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IPIl as a A-Calculus Model

Definitions.
(i) 1dZ)=V{Vi«ql Vi<k[qgi € Z]}; and

(i) FX)=ld({ql(p=q)€F & p € X}); and
(i) AX.dX)=Id({(p=q)lge P(¥p) & p=1}), where

F. XellPlland ® : [|PlI=>]l Pl is continuous.

Note: It is possible that Id (Z)= P, if Z is inconsistent.

However, for F, X, ® as above, both
F(X) and AX.®(X) are consistent.
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Equilogical Spaces

Remember: e The space ||Pll is not only universal
for domains, but it contains as subspaces all countably
based To-spaces.

* Moreover, by passing to partial equivalence relations
(PERs) and equivalence-preserving continuous mappings,
we obtain a cartesian closed category (and more).

e It contains the two previous categories and has an
intrinsic notion of computable function and computable
element. (But a certain subcategory may be better.)

e In this way we have a semantics for a notion of
computability at higher types.
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Martin-Lof Type Theory

Definition. A family of types consists of a PER A and a
mapping B:lIPI[=PER, where for all Xo, X1 € [IPIl we have

Xo A X1 = B(Xo) = B(XH).

Definition. A product of a family of types is the PER defined by:

Fo(

X:A.BX) F1 &V Xo, X1[Xo A X1 = Fo(Xo) B(Xo) F1(X4) ].

Definition. A sum of a family of types is the PER defined by:
Zo (D2 X:A.BX) Z1 & 3 Xo0,.X1,Yo,Y1[ Xo A X1 & Yo B(Xo) Y1 &

Zo= (Xo0,Yo0) & Z1=(X1,Y1) ].

Note: It must be proved that these definitions

actually do produce PERSs.
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Systems of Dependent Types

Theorem. Given families of types where always
Xo A X1 = B(Xo) = B(X1) and
Xo A X1 & Yo B(Xo) Y1 = C(Xo,Yo) = C(X1,Y1) and
Xo A X1 & Yo B(Xo) Y1 & Zo C(Xo,Y0) Z1 = D(Xo,Y0,Z0) = D(X1,Y1,Z4),

then this iterated products of sums of ... is a PER:
[Tx:A.> v:BX).T] Z: CX,Y). DX,Y,2).
Note: Of course, properties of sums and products

have to be established showing they follow
the usual rules of type theory.
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Extensional Identity Types

Definition. Given a PER A we define:
Uldg X,Y) V&S UAXAY AV,

Proposition. Given a PER A, then Id« (X,Y) is a PER and
Xo A X1 & Yo AY1= 1dz (Xo0,Y0) = Ids (X1,Y1).

Example: In case F([] X:A.[] v:A.A)F, we can
regard F as a binary operation of type A£. Then, if
the following type is inhabited, we can say F is an
associative operation:

X AT VAT z.A.1d4 ( FFX))Z), FX)F(Y)(Z))).
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Why Domain Theory?

The aim of Domain Theory is:

(a) To provide one convenient category having
many familiar examples;

(b) To permit some new space constructions,
including function spaces;

(c) To allow for the solution of recursive domain
equations, including for the A-calculus; and

(d) To give one sound basis for some notions of
higher-type computability.
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Semilattice theory:
(a) Has a very elementary definition;

(b) Has a universal space with very easy
computable structure;

(c) Has a very direct way to pass to
completions; and

(d) Has a category construction needing a
minimum of set theory and abstract algebra.
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